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1. Introduction 



Let / be a Hecke-Maass cusp form on PSL(n, Z)\ PGL(n, M)/0(?7,), 
see e.g. |Gol06j . Let A{mi,m2, . . . ,mn-i) be the Fourier coefficients 
in its Jacquet-Whittaker expansion. Then the Godement-Jacquet L- 
function associated to / is given as a Dirichlet series, and in terms of 
the Langlands-Satake parameters by 

m>l p 1=1 ^ 

The exterior square L-function is defined via the Euler product 

(1) 



i(/.^.A=)=n n 

Two distinct representations of the exterior square L-function are known, 
the first due to Jacquet and Shahka |JS90j . and the second discovered 
by Bump and Friedberg |BF90] . It is our goal in this short note to 
present an elementary derivation of the Jacquet- Shalika construction, 
expressing the Euler product in ([1]) as a classical Dirichlet series in the 
Fourier coefficients A(mi, . . . , m„_i). 



On GL(2), 



as). 



p 

On GL(3), it is easy to see that the exterior square L-function 

A{l,m) 



L{f, s, A') = L{f, s) = J2 



is just the dual L-function corresponding to the contragredient form /. 
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On GL(4), experts have known for some time that the exterior square 
L-function can be expressed as a zeta function times the "Middle" L- 
function: 

A(l,m,l) 



L(/,s,a2) = C(2.) J] 



m 

The general formula on GL(n) is as follows. 

Theorem 1. For odd n > 3, the Dirichlet series for the exterior square 
L-function is given by 



^ y4(l,m2, l,m4, 1, . . . , l,m„_i) 

..,m„-i>l 

For even n > 2, we have 



m2,m4,...,mn-i>i m^niQ ■ ■ ■ m^_^ I 



Lif,s,A^)=c{^s) y: 



A{1, 1712, 1, m4, 1, ■ ■ ■ , 1, mn_2, 1) 

/ 2 3 («-2)/2\„ 

(m2 m| mg ■ ■ ■ m^_2 ) 



m2,ni4,...,m„_2>l 

2. Proof of Theorem [T] 

As is well-known from the work of Shintani and Casselman-Shalika, 
the Fourier coefficient A{p^^, is the Schur function 

A(/S...,/"-)=^,(a). (2) 

Here 

a = . . . 

are the Langlands-Satake parameters, and 

A = (Ai, . . . , A„), where Xj = y^fcj- 

i>j 

Recall the following identity [BF901 (3.3)]: 

fcl,A;2,.--,fen-l>0 

= Lo - c^^ip)X)-' 11(1 - a,ip)a,ip)Y)-\ (3) 

i i<j 

where 

1 _ y"/2 jf ^ jg gygn; 

1 - jf ^ jg 







EXTERIOR SQUARE ON GL(n) 3 

Setting X = p^'^, Y = p~'^, using ([2]), and taking the product over all 
primes p of both sides of Q gives 

ri,r2,...,rn-i>l ^ o 'i o 



where 

1/C{^w) if n is even; 

l/C(s+^w) if n is odd. 



Z{s, w) 



On the other hand, we have the following Hecke relations [G0IO6 
Theorem 9.3.11]. For n odd, 

A{m, 1, 1, ... , 1)A{1, 1712, 1, m4, 1, . . . , 1, m„_i) 

v4(c„, , C2, — , C4, . . . , ). 

Co Ca Cn _ 1 

<:2l™2.C4|m4,cg|mg,...,c„_i!m„_i 

For n even, we have 

A{m, 1,1,..., 1)^(1, m2, 1, m4, 1, . . . , 1, m„_2, 1) 

E m2 m4 m„_2 , 
^[Cnj ; C2, , C4, . . . , , Cn-2)- 

Co Ca Cn — 2 

C2 I m2 ,C4 1 m4 , eg I mg , . . . , 

In either case, dividing both sides by m'^ and (m2 m4 mg ■ ■ ■ and 
summing gives 



\r?i>l / \m2,»n4,-- 



y4(l, m2, l,m4, 1, . . . ) 



{m2mlml- 



_ M^n, C2, C4, . . . ) 

m^(m2 m§ ■ ■ ■ 

m,m2,m4,--->l c2C4.-.=m V z 4 D / 

C2l"i2.c4|m4,--- 

Interchange the orders of summation and write = m^Q: 

A(c„,m2,C2,m4,C4, . . . ) 



2{sM = E E 



C2,C4,--- ,C„>1 m^,m^,m^--->l 



(c2 C4 ■ ■ ■ CnYim'^ C2 m'l c\ m'^ c| 

=2 C4---Cn 

Rename ri = c„, r2 = m'g, = C2, . . . , with 

m^_j^ if n is odd; 
c„_2 if n is even. 



If n is even, then 
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and dividing both sides by L{f, s) proves the theorem in this case. 

If n is odd, then we have an additional sum over r„ = c„_i, which 
does not appear inside the Fourier coefficients. Thus 

Zis, w) = ({s + -^wms, w) = L{f, s)L{f, w, A'). 

Again, dividing both sides by L{f, s) gives the desired result. This 
completes the proof. □ 

The referee has kindly pointed out to us that the argument above is 
equivalent to the fact |Lit40t page 238 (11.9;2)] that 

- ataj)'^ = ^ Sx{a), 

i<j 

where the summation runs over partitions A whose conjugate partition 
is even. 
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